UIUC Physics 406 Acoustical Physics of Music

The most general form of the complex transverse displacement, y(x, t) of the standing wave is
given by:

y(xt) = yORei(aJt—kx) " yOLei(wt+kx)

where yor = lyor|e® is the complex amplitude of the right-moving travelling wave and yoL =
[yoL|e" is the complex amplitude of the left-moving travelling wave.

At the driven end of the string, at x = 0, the complex driving force, F(t) must again balance
against the transverse component of the tension, Ty(x=0, t) at x = 0, which again for small
amplitudes, is Ty = T sin6 = T (oy(x=0, t)/0x), thus we must have

F(t) = F|e“ :Ta)I(X,t)

8x = T [— ikyOReia)t + ikyOLeiwt ] — _ikT [yOR _ yOL ]ei(ut

x=0

Thus, we see that:

|F |= —ikT y, [e?* +1]

At the fixed end, x = L, the boundary condition on the transverse displacement is y(x=L,t) =
0. Thus,

Y(x = Lt) = y el 1y gttt - [yORe—ikL n yOLeikL]eiwt ~0
This relation must hold for any/all times, t. Thus, we must have:
[yORe—ikL n yOLerL]: 0

i.e. this implies that yor ek = —yoL 'L, or that yor = —yoL €2, Plugging this result into the
above driving force - tension balancing result, we see that

| F |= _ikT[yoR - yoL]
or:
i _ : |F le™™

= — e =
Yor = Yo 2KT cos(kL)
since cos(x) = ¥ [e*X + e], note also that sin(x) = %i [e*™ — e7¥]. Then we find that

. |F] . |Fle™ . |Fle™ _ |Fle™
Yoo =1 2]~ ! TikC ]! KL, kL]
kT[1+e+' J kT[e " te” J kT[e+I +e” J 2KT cos(kL)

Thus, the complex transverse displacement, y(x, t) of the driven string, at an arbitrary point, X,
and time, t is given by:

y(X,t) = yORei(rut—kX) + yOLei(rut+kx)

__ |F|e™ k(L0 |F|e™ k(L) _ | F|sin[k(L - X)]eiwt
2KT cos(kL) 2KT cos(kL) KT cos(kL)
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