UIUC Physics 406 Acoustical Physics of Music

Cross-Correlation:

The cross-correlation of a complex time domain function f (t) with another g(t) is a
specialized type of convolution, involving complex conjugation:

g ()= F()xG(1)= T (-)®g ()= " (-r) G(t-r)de=[ T (z)-g(t+7)dr

0

The * symbol denotes the cross-correlation operation. n.b. ﬁf*g (t) has units of f(t)~ g(t)-sec.

The Fourier transform of the cross-correlation relation is: h,,, (@)= { g ( } J‘ Ny, (t)edt,

the frequency domain representation of complex time domain cross-correlation. It can be shown that:

g (@)= F [y (0) = F (T (0@ 0(0) = F {7 (-0} FLa (0} = T (0) -G ()]

The - symbol denotes simple multiplication. n.b. ﬁf*g () has physical units of f(w)g(a))

Auto-Correlation (aka Self-Correlation):

Note that the auto-correlation of a complex time-domain function f(t) with itself is simply
a specialized type of cross-correlation, also involving complex conjugation:

hear ()= F(OXT ()= F ()@ F ()= [ (~2) F(t-r)de=]

—00
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f~*(z')~ f~(t+z')dz'

The Fourier transform of the auto-correlation relation is: h,, , (@)= {f*f } j heey ()edt,

the frequency domain representation of complex time domain auto-correlation. It can be shown that:

Arar (0)= F (B ) = F{FOXF ()] = F{F ()@ F (t) = F[F (-0} F{T ()} = T () T ()

Note that h,,, (t) has physical units of f (t)- f (t)-sec; h;,, (@) has physical units of (@) f (®).

The Weiner-Khintchine Theorem:

The Weiner-Khintchine Theorem relates the time domain auto-correlation function h,, , (t)

to the frequency domain power spectral density function S~f*f (a)) (and vice versa) via the
following Fourier transforms:

Siwr ( J. Ay, (t)e dt| and: ﬁf*f(t):if:s”f*f(w)enwtdwl

These results can be generalized to:

f*g I hf*g -i(otdt and: ﬁf*g (t):LJ‘:‘)gf*g (a;)e““’tda),
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