UIUC Physics 406 Acoustical Physics of Music

Then (again, for clarity’s sake, temporarily suppressing the (F, t) -dependence of these guantities):

2, Zy+ 2y 2y =(X, +i,) (X, +iY,) +(X, +iL)- (X1+1Y)
= (X, +iY))-(X,-iY,) +(X,+iY,)-(X,—iY))
=(X,- X, +iY,- X, —iYZ-X1+Y1-Y) (X X, +iY, X, ~iY, X, +Y,-Y,)
= (X, X, + i XY i KT, +Y 1 X, )+ (X X, +i X T, —i Xl + Y, T,

=2(X,-X,+Y,-Y,)=2Re{Z, - Z;}
ie. RelZ -Z,} =Re{Z,-Z '} . We will explicitly prove this statement — the 1st term is:
1 2 2 1

Z~12~; =X - X, +iX, Y —iX;- Y, +Y . 1, :(Xl'Xz+Yl'Y2)+i(X2'Yl_X1'Yz)
:Re{Z}Z%} :Im{Z}Zé}

whereas the 2nd term (= changing in indices 1= 2 in the above expression) is:

Zz'Zl*:Xz'X1+iX1'Yz_iX2'Y1+Y2'Yl:Xl'Xz+iX1'Yz_in'Yl+Y1'Yz
:(Xl'Xz+Yl'Yz)+i(X1'Yz_X2'Yl)

:Re{fzif} :Im{Z}-Zf}

Separately comparing the real and imaginary parts of each of these two terms, we see that indeed
Re{Z,-Z;}= Re{Z,-Z]}=(X,-X,+Y,-Y,)

Whereas: Im{Zl-Z;}:—Im{Zz-Zf}:(XZ-IQ—Xl-YZ).

Alternatively, we can equivalently see this another way, simply by working with the explicit

expressions for complex Z, (7,¢) = 4, (7,¢)e"*"**") and Z, (¥,t) = 4, (F,1) >0

Z~1 Z~; +Z~2 . Z~I — Alei(wltﬂﬂl) . Azefi(a)ztﬂoz) n Azei(a)zt+(p2) ) Alefi(wl;ﬂpl)
_ Al . Aze[(a)ltﬂpl)e—l((uztﬂﬂz) + Al .Azel-(wzt+(ﬂ2)efi(a&t+(pl)

Let us define x=(a, (1)t +¢,(1)) and y =(w, (¢)1+¢,(¢)). Rewriting the above expression:
Z~lZ~; +Z~2 Z~1* C A Al e A Al e
= Al . Azei(x*}’) + Al . Azei(}’*X) — A]_ . AZ (ei(x—y) n e,‘(y,x))

=4 -4, (e"(xfy) + eii(xiy)) =24 -4, COS(x—y)
=2cos(x-y) =RG{Z~1(t)-Z~;(t)} n

=2Re{Z,-7,}
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