Proof (continued)

Proof of (*): By direct calculation

1 1
AAT y; = ;jAATAvJ- = ;jA(aj?vj) since AT Avj = 07y,

1

2 2
=0; Av; | =07 u;
! <Uj ’ 7

when j =1, .., r. So uj is an eigenvector of AAT corresponding to
eigenvalue A; = (71-2. Also

1 1
(ui 1) = uf uj = —(Avi) T (Ay) = — v AT Ay

gi0; oi0;
1 oj oj )
= —vT(07v;) = vy = (v, vy) since ATAy; = 0ty
i0; g a;

We see that when i # j, (uj, uj) = 0 because (vj, vj) = 0. And when j = j

we see ||uJ-||2 = ||vj||2 = 1. Thus uy, ..., u, are orthonormal.
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