
Proof (continued)

Step 2: The eigenvalues are real: if x and λ are such that Ax = λx , then

xHAx︸ ︷︷ ︸
real

= xH(λx) = λxHx = λ‖x‖2︸︷︷︸
real

and we see that λ is real.
Step 3: If Ax = λx and Ay = µy , x 6= 0, y 6= 0, λ 6= µ, then x ⊥ y :

µ(y , x) = µyHx = (µy)Hx (since µ is real)

= (Ay)Hx = yHAHx = yHAx (since AH = A)

= yH(λx) = λ(y , x)

We see then that (µ− λ)(y , x) = 0. But λ 6= µ, and so (y , x) = 0.
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