The Fundamental Properties of Hermitian Matrices
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Now we develop two fundamental properties of the eigenvalues and
eigenvectors of Hermitian matrices.

Theorem: Suppose that AH = A. Then all eigenvalues of A are real
numbers. Moreover, if x and y are eigenvectors corresponding to different
eigenvalues, then x L y.

Proof: Step 1: we show that x" Ax is real for any complex vector x.

For any x, x"Ax is a 1 x 1 matrix and hence equal to its own transpose:

xHAx = (x"A)T = (xTAx)T =xTATx

Therefore

xHAx = xTATx = xTATx = xHAHx = x" Ax

and any complex number that is its own conjugate is a.real number.
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