Unique Representations of Vectors

When we have a subspace S of R", we typically write
R"=S® S+

to mean that any vector v can be written uniquely as the sum of a vector
vs in S and a vector vgi in S+, Thus, for example,

R" = C(AT) @ N(A),R™ = C(A) @ N(AT)

Here is how we find the two vectors. Find a basis {s1, sy, ...,s,} of S and a
basis {s,+1,5r+2, ..., 5n} of S*. Then by independence with in each set
and orthogonality across the two sets, {s1, ..., S¢, Sr+1, ..., Sn} is linearly
independent and therefore a basis of IR”. Therefore there is a unique
representation:

v=oacs+ -+ ¢S+ Cyi1Srr1+ -+ CaSp
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