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Another proof

We have

GX (t) =
∞∑
k=0

tkP(X = k), GY (t) =
∞∑
l=0

t lP(Y = l).

Then

GX (t)GY (t) =

(
∞∑
k=0

tkP(X = k)

)(
∞∑
l=0

t lP(Y = l)

)

=
∞∑

k,l=0

tk+lP(X = k)P(Y = l).

Write m = k + l , and we can resum
∞∑

m=0

m∑
k=0

tmP(X = k)P(Y = m − k) =
∞∑

m=0

tm
m∑

k=0

P(X = k ∧ Y = m − k)

=
∞∑

m=0

tm
m∑

k=0

P(X + Y = m) = GX+Y (t).




