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Theorem

The operations +n, ∗n are well-defined.

Proof.

We need to show that if x , x ′ are in the same equivalence class, and y , y ′ are in
the same equivalence class, then x + x ′ and y + y ′ are in the same equivalence
class.
But note:

x ∼ x ′ ⇐⇒ x = x ′ + kn, y ∼ y ′ ⇐⇒ y = y ′ + `n,

so
(x + y)− (x ′ + y ′) = (k + `)n

so x + y , x ′ + y ′ are in the same equivalence class.




