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Lemma

Say that ∼ is an equivalence relation. Then

x ∼ y ⇐⇒ [x ] = [y ].

Proof.

=⇒
Assume x ∼ y . Let z ∈ [x ], then z ∼ x .

By transitivity, z ∼ y and thus z ∈ [y ]. Therefore [x ] ⊆ [y ].

Now let z ∈ [y ], so that z ∼ y .

By transitivity (and symmetry), z ∼ x and thus z ∈ [x ]. Therefore
[y ] ⊆ [x ].

⇐=
Assume [x ] = [y ].
x ∈ [x ] by definition, and since [x ] = [y ], we have x ∈ [y ] =⇒ x ∼ y .




